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A fixed point result is proved for some continuous maps preserving C’ small perturbations of 
a fibration. The fibration has compact fiber F with H,(F, W) = R and the base is a closed surface 
of nonzero Euler characteristic. A simple proof of the Seifert technical lemma for the C’ case is 
included. 





Let So be the foliation given by the fibers of a fibration p : M + B of closed 
manifolds with fiber F and dim(B) = 2. Given a foliation 9 on M, close to So, 
consider a map f% on M, close to the identity map and preserving 9. This means 
that for every leaf L in 9, f,(L) is contained in one of the leaves of 9. We are 
interested in the following question: Is there a leaf L in 9 which is invariant by fS 
(i.e.,f,(L) c L) and such that, the distance between x E Landf,(x) along Sis small? 
This question is closely related to the compact leaf stability problem for T2- 
bundles, obtained from S’-bundles when we multiply the total space by S’. 
In this paper we have considered a general class of maps, which has the first 
return maps as a particular case. We consider continuous maps close to the identity 
map and preserving a foliation C’ close to So. For these maps we prove that there 
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is always an invariant leaf satisfying the condition above. More precisely, we obtain 
the following theorem: 
Theorem A. Let go be the foliation of M deJined by the jibers of a C” jibration 
p : M + B with closed connected jber F. Suppose that H,( F, R) = lF4 and that B is a 
closed surface of nonzero Euler characteristic. Then given E > 0 there exist neighbor- 
hoods “Ir of Id E Co(M) and ‘W of sOe Foli(M) such that if (g, 9) E VX W and g 
preserves 9 then there is a point x,, = x,(g, 9) satisfying the conditions 
(i) x,, and g(x,) lie on the same leaf Lx, of 9, 
(ii) d9(x,, g(x,)) < E where d9 denotes the distance along 97 
In particular, L, is invariant by g. 
In Section 1 we give a version of this theorem (Theorem A’) in terms of fixed 
points. Theorem A was inspired by Seifert [9] who proved the first result on the 
stability of compact leaves for S’-bundles over a surface of nonzero Euler charac- 
teristic. In order to prove the existence of a fixed point for the first return map, he 
defines the notion of a rotation index using in a crucial way the fact that B is a 
two-dimensional manifold. 
In Section 2 we define the main ingredient of the proof of Theorem A. It is a 
generalization of Seifert rotation index for an ordered pair (J; g) of commuting 
maps, close to the identity. The Seifert proof works for Co perturbations and it is 
based on a difficult theorem [9, Theorem 31 known as Seifert’s technical lemma. In 
Section 2 we also give a very simple proof of this lemma for the C’ case. Section 
3 is devoted to the proof of Theorem A’. 
In an earlier version of this paper we dealt only with S’-fibrations. However, 
after we completed that result, Bonatti [l] generalized Seifert’s result to the case 
H,( F, R) = R. We applied our methods to this more general case, obtaining Theorem 
A above. Bonatti’s result is as follows: 
Theorem (Bonatti). Under the same hypothesis as Theorem A, every foliation C’ close 
to F0 has a compact leaf near to one of the jibers. 
1. Preliminaries 
Throughout this paper s0 will be the foliation whose leaves are the fibers of a 
C” fibration p : M + B with fiber F and dim B = 2. The manifolds F, M and B are 
supposed closed and connected. The space Fol:(M) of all C’ codimension 2 
foliations on M is endowed with the Epstein compact C’ topology [3]. 
We fix a Riemannian metric on M. Let v = TM be the subbundle orthogonal to 
the leaves of so, and let Ye c v be the associated bundle by closed disks of radius 
k. For each x in M let D(x) be the image of the 2-disk Z+(X) under the exponential 
map exp : TM --, M. We choose k > 0 to be sufficiently small so that each D(x) is 
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an embedded disk transverse to the foliation so and so that for all b E B Nb = 
lJxep-l(bj D(x) is a tubular neighborhood of p-‘( b) with projection rb : Nb + p-‘( b) 
and with the disks D(x) (x up-‘(b)) as fibers. For each ES k the image of V, 
restricted to p-‘(b) under the exponential map will be referred as the e-tubular 
neighborhood of pP’( b). 
We fix once and for all this field of 2-disks of radius k, 9 = {D(x): x E M}. We 
shall say that a continuous map g : M + M is horizontal with respect to 9 or simply 
that g is horizontal if g(x) E D(x) for all x E M. The space C”(M) of all continuous 
maps on M is endowed with the Co compact-open topology. 
Let 9~ Foli( M) and denote the leaf of 9 containing x E M by LX. We say that 
g E C”(M) preserves 9 if g( LX) = LgcXl for all x E M. 
In order to give a version of Theorem A in terms of fixed points consider 
(g, 9) E Co(M) x Fol:(M) sufficiently close to (Id, go) such that for all x E M g(x) 
projects on D(x) along 9. In this way, we obtain a continuous horizontal map g 
on M which depends continuously on g and 9. In other words, the map (g, 9)-g 
is well defined and continuous in a neighborhood V x W of (Id, so). Moreover, 
given e > 0 we may choose V such that d&g(x), g(x)) < E for all x E M and g E V. 
Clearly if g preserves 9 the same is true for g and thus Theorem A is equivalent 
to the following: 
1.1. Theorem A’. Let go, F, M and B be as in Theorem A. There exist neighborhoods 
“Ir of Id E C”(M) and %f of So E Foli( M) such that if (g, 9) E Yf x W satis$es 
(i) g preserves 9, 
(ii) g is horizontal, 
then Fix(g) # 0. 
Observe that if X~E Fix(g), it follows from (i), (ii) and the connectivity of the 
leaves that g fixes the leaf Lx, pointwise. 
1.2. Example. It is simple to construct examples of horizontal diffeomorphisms on 
S3 close to the identity and without fixed points. For this let pt be the one parameter 
group of diffeomorphisms on S3 associated to a vector field without singularities 
orthogonal to the fibers of the Hopf fibration. For t > 0 sufficiently small we can 
project p,(x) along the fibers on the disk D(x) obtaining a family p, of diffeomorph- 
isms on S3 with the desired properties. 
2. The rotation index of a pair of maps 
Denote the closed disk of radius r in R* by D, and the unit real interval by I. 
2.1. Definition. Let G : 0, x I + R* x I be a continuous map satisfying 
(i) G(x,A)=(G,(x),h) for all XED, and Hal, 
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(ii) Fix(G) = 0, 
(iii) Go = G, 
and let ‘yX : I + D, x I be a continuous curve such that 
(iv) ~(0) =(x, 0) and ~(1) = (x, I). 
The rotation index of G, denoted by w(G), is defined to be the degree of the map 
G(rx(t))- rx(t) 
‘- IIGMt))-y.xWll’ tE1 
considered as a map of S’. 
Intuitively w(G) is the number of times that G( yX) winds around yX. It is clear 
that w(G) has the following properties: it depends nor on the point x neither on 
the curve yX satisfying (iv) and contained in the domain of G, it depends only on 
the homotopy class of G in the set of all maps satisfying (i), (ii) and (iii). 
Denote by Emb’( D,., R2) the open subset of C’( D,, W’) formed by the C’ embed- 
dings. 
For each E, 0 < E < r, we may choose neighborhoods %’ of Id E Emb’( D,, R2) and 
7” of Id E C”( D,, 02’) such that for all (g, f) in “Ir x %’ we have 
(1) fW(D,)) 3 D,-,, 
(2) gf -‘CD,-,) c MD,). 
Let Ou c %’ be a subneighborhood of the identity such that for all A E I and f, f~ % 
we have 
(3) Af+(l-h)fE”U’. 
We may also suppose that 
(4) Af+(l-A)IdEQ for all AEI and fE%. 
We shall call the isotopy given in (3) the barycentric isotopy from f to f 
In the following it will be natural to consider the case f = g. Hence we shall 
assume (without loss of generality) that the C’ neighborhood %’ is contained in 
the Co neighborhood Y 
Now consider f E 021, g E T and an isotopy {fh}hEl from Id to f such that fA E 52’ 
for all A E I. Extending g along the C’ foliation whose leaves are the curves (fh (x), A), 
A E 1, we obtain the map 
gf : (x, A )+-+(fhgfA-‘(x), A) 
which satisfies 
g,(x, 0) = (g(x), 0) and g&, 1) = (fgf -‘(x), 1) for all x E D,_,. 
According to (1) and (2) g, is well defined in a neighborhood of D,_, X I c R* X I. 
Clearly gr depends on the choice of the isotopy {fh}. 
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2.2. Definition. Let 011 and 7 be as above. Given f E %, g E “Ir and an isotopy {fA} 
from the identity to f satisfying 
(i) fgf-’ = g on or-,, 
(ii) Fix(g) = 0, 
(iii) f* E %! for all A E 1, 
we define the rotation index w(g,f) of the ordered pair (g,f) to be 
w(g,f) = w(gr). 
It follows from (l), (2), (3) and the properties of w that w(g,f) depends only 
on f and g and not on the choice of the isotopy {fh} satisfying (iii). We also remark 
that by taking 011 and “Ir sufficiently small we can replace the condition (i) by the 
commutativity off and g on DrpsIZ. 
2.3. Lemma. Iff has a fixed point in D,_, , then o (g, f) = 0. 
Proof. Let x E Or-, be a fixed point off: Since fgf-’ = g on D,_,, g(x) is also a 
fixed point of j In order to calculate w(g,f) we choose the barycentric isotopy 
from the identity to f and the curve y defined by the linear segment (x, A), A E I. 
Thus the image of y under g, is the linear segment (g(x), A), A E I. This gives the 
desired conclusion. 0 
The next lemma is known as Seifert’s technical lemma and is proved in [9] for 
the Co case. We give here a very simple proof for the C’ case (Reeb [7] gave another 
such proof). We emphasize that this proof is not essential for the context of this 
paper. In the proof of Theorem A’ (for F = S’) we use directly Seifert’s result which 
establishes the stability of compact leaves for S’-bundles over a closed surface of 
nonzero Euler characteristic. 
2.4. Lemma (Seifert). If Fix(f) = 0 then w(f;f) = 0, forfsujiciently C’ close to the 
identity. 
Proof. Let x be the center of the disk 0,. Since f is close to the identity we may 
assume that f(x) E D,_,. Now, in order to calculate w(L f) we choose the barycentric 
isotopy and the curve y = y, u y2 where y1 and y2 are respectively the linear segments 
from (f(x), 0) to (x, 0) and from (x, 0) to (f(x), 1) (see Fig. 1). 
Fig. 1. 
280 S. Druck, S. Firm0 / Fixed points of maps 
First we remark that since f is C’ close to the identity then given a E (0,7r/2) 
there exists a neighborhood U, (contained in U) of IdE Emb’(D,, W”) such that if 
f~ U, and f(x) # x then the angle between the vectors f(x) -x and f(y) -y is less 
than a for all y E yl. 
From the remark above, to finish the proof it suffices to show that the angle 
between the vectors h(y) - y and fr(x, 0) - (x, 0) = (f(x) -x, 0) is less than a for all 
y E y2 and f~ U, with Fix(f) = 0. But, since fr preserves the foliation defined by 
the barycentric isotopy it follows that the image of the leaf y2 under fr, is the leaf 
defined by the linear segment from (f(x), 0) to (f*(x), 1). Now, the desired con- 
clusion follows immediately from the fact that the angle between the vectorsf(x) - x 
and f’(x) -f(x) is less than a. 0 
Now using the same arguments as Schweitzer in [8] we shall adapt Lemma 2.3 
to a more general situation (Lemma 2.5). To do this let F be a closed connected 
manifold with basepoint z and V: D, x F + F be the natural projection. 
To each continuous map G : D, x F + R* x F without fixed points and such that 
n 0 G = r we associate a homomorphism 
I(G):T,(F, z)+Z 
defined as follows. Let (Y : I + F be a loop based at z and let G, : D, x I + R* x I be 
the pull-back of G under (Y. The map G, satisfies the conditions of Definition 2.1. 
We define I(G) by setting 
I(G)c = w(G,) 
where Cr is the homotopy class of (Y. 
2.5. Lemma. Let 9; be the product foliation p : Int( D,) x F + Int( 0,). There exist 
neighborhoods V of Id E C”( D,_, x F, D, x F) and W of 96 E Fol:(Int( D,) x F) such 
that if (g, 9) E V x W satisjies 
(i) ~0 g = or, 
(ii) g preserves 9 on Int( D,_,) x F, 
(iii) Fix(g) = 0, 
(iv) 9 has a compact leaf in DT_2E x F difleomorphic to F under the projection T, 
then I(g) = 0. 
Proof. Let (Y : S’ + F be a C’ embedding representing an element of 7rTTI( F, z). From 
now on we shall identify CY with its image. 
The product foliation 9; induces on Int( D,) x (Y the foliation .9&,, defined by the 
factors (Y. We take a neighborhood 74’” of 96 E Fol:(Int( 0,) x F) in the Epstein 
compact C’ topology such that each $‘IE W is also transverse to the disks DT_-E12 
and then induces a foliation .9= in a neighborhood of Or-&,* x CY c D, x CY. Restricting 
9 to lie in a smaller neighborhood, we may suppose that the first return map 
fa : Dr-42 x (Y + D, x (Y associated to .9m is a well-defined map C’ close to the identity. 
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Now, we choose a neighborhood V of Id E C’(D,_, x F, R* x F) such that 
g(D,_, x F) c DT_-E,2 x F for all g E 2’. 
If (g, 9) E 7” x W satisfies (i) and (ii) then g restricts to a map g, : D,_, x a -+ D, x a 
which preserves 9= on Int( D,_,) x a. Taking a smaller 74’” if necessary, we have 
that the map g,, in a neighborhood of Dr--ZE x (Y c D, x a is the extension along .9_ 
of the map g,,, = g]D,_,XZ. It follows from (iii) that 
where&, =_/JD,_,~~ and where the C’ isotopy considered in Definition 2.2 is given 
by %a. It follows from (iv) that fa,, has a fixed point in DT--2E. Applying Lemma 
2.3 we obtain I(g)6 =O. 
To complete the proof it suffices to observe that r,(F, z) has a finite set 
of generators al,.*.,ak which can be represented by C’ embeddings 
3. Proof of Theorem A’ 
We recall that in Section 1 we have fixed the field of 2-disks of radius k 
9 = {D(x): x E M} transverse to F. and the k-tubular neighborhood of each leaf 
of $0. 
In order to prove Theorem A’ we need the following remark. 
3.1. Let F be a leaf of so with base point z and let g E Co(M) be a horizontal map 
without fixed points such that g(x) projects along s0 on D(z) for all x E F. In [8] 
Schweitzer proved that there exists a loop (Y : I+ F with base point z such that the 
number of times that the projection of g 0 (Y on D(z) winds around z is X(B) (in 
particular H,( F, R) # 0). This loop LY is obtained by intersecting a partial section 
77 : B - Int( D) + M of p with p-‘(D), where D is a small closed disk centered in p(z). 
3.2. In Seifert’s theorem as in Bonatti’s theorem the expression “9 has a compact 
leaf near to one of the fibers” means that 9 has a compact leaf lying in the e-tubular 
neighborhood (N, r) of some fiber of so and is diffeomorphic to this fiber under r. 
3.3. Proof of Theorem A’. In order to prove the theorem by contradiction, let us 
suppose that the conclusion fails to hold. Since Foli(M) has a countable neighbor- 
hood basis, this means that we can find a sequence (g,, 9”) such that g, converges 
to the identity in Co(M), S,, converges to .!Po in Fol:(M) and each g, is horizontal 
and preserves 9,,. 
We now use the existence of compact leaves of 9,, (for n sufficiently large) near 
to the fibers and Lemma 2.5 to prove that Z(g,)=O. 
282 S. DmcS S. Firmo / Fixed poinis of maps 
First of all we choose O< 6 < r, a finite set Fl, . . . , F, of leaves of so and for 
each j=l,..., s a system of closed tubular neighborhoods (Ni, nj), i = 1,2,3 of 
Fj with the following properties: 
(1) N: c Int( N:) and N; c Int( Nj’), 
(2) the Nj are saturated under so, 
(3) the S-tubular neighborhood of each leaf of so is contained in the interior of 
some Nj. 
For n sufficiently large we modify g, in a neighborhood of Nj (by projecting 
along .9,, exactly as in Section 1) to obtain maps 
such that 
(a) Tj o gn,j = ?Tje 
Moreover, it follows from the definition of g,,j and the hypothesis on g, that 
(b) g,j preserves 9n on Int(NT), 
(c) g,j 2 Id in the compact-open Co topology, 
(d) Fix&,,) = Ca, 
(e) g,j and g, coincide on 4. 
Now, we identify the product structure given by the leaves of SO and by the disks 
of Nj’ with the one of D, x F and we fix a base point z E E 
From Bonatti’s theorem and from (3) it follows that for n sufficiently large each 
9” has a compact leaf lying in some NT and diffeomorphic to Fj under the projection 
nj. Applying Lemma 2.5 we have I(g,j) = 0 for n sufficiently large. 
From 3.1. and (e) we have that for each j = 1,. . . , s there exists 6j E rl(F, z) such 
that l(g,,j)(Yj # 0. This gives the desired contradiction and finishes the proof. q 
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